We systematically investigate the passive harmonic mode locking (HML) of the bound states of two solitons in a fiber laser that has been mode locked by nonlinear polarization rotation (NPR). The experiment shows that the stable HML state of the bound solitons (BSs) with a fixed and discrete separation is obtained. The repetition rate changes by increasing the pump power and slightly altering the polarization state in the cavity. The dynamic is similar to the HML of a single-pulse operation. In our experiment, the repetition rate can be turned from the fundamental mode locking up to ninth-order HML when the pump power is increased from 168 to 476.1 mW. Once the BSs are obtained, their separation is fixed at 1. Passive mode-locked fiber lasers (MLFLs) have attracted a lot of attention in recent years due to their wide range of applications in high-speed optical communications, ultrafast spectroscopy, and other fields [1] [2] [3] . Harmonic mode locking (HML) has been both theoretically and experimentally studied as a common way to generate ultrashort pulses with high repetition rates in MLFLs, using nonlinear polarization rotation (NPR), nonlinear optical amplifier loops, and nanotubes [4, 5] . In these lasers, the HML is obtained by increasing the pump power. However, due to the instability in the environmental conditions, a slight change in the mode locking conditions will result in multi-pulses that are located randomly along the cavity, instead of pulses that are equally spaced, thereby leading to HML. When the separation between the solitons is short enough, new patterns of pulses, such as soliton bunches [6], soliton crystals [7] , soliton molecules [8], or bound solitons (BSs) [9] , are formed. BSs [10, 11] are known as the higher-order soliton solutions of the nonlinear Schrödinger equation and are an intrinsic feature of MLFLs [12] . The BS is composed of multi-fundamental solitons, and its typical feature is that the solitons in bound states propagate with the same velocity. In BSs, the separation between the solitons is fixed as well as discrete [13] . In direct pulse interactions, such as pulse repulsion and attraction, the HML of BSs can be formed [12, 14] . Recently, the HML of BSs based on the formation of a coherent soliton pattern has been observed in MLFLs [7, 15, 16] . However, the pulses of the BSs in these reports appear to be splitting evenly and spacing themselves evenly in a soliton crystal. The length of the pulse train in the HML of a BS is finite and periodic. The pulse duration and size in a soliton crystal are strictly limited by the pump power, which is essentially different from the HML of a single soliton pulse. To date, various dynamic features of the HML of BSs have been reported [17] [18] [19] . The formation of HML and BSs are all based on a multi-pulse operation, but the basic mechanisms of these two states are completely different. In the HML state, the solitons repel each other in a long range, and consequently, equidistantly fill in the whole available space in the cavity. In the BS state, the solitons repel each other in a short range, while attracting each other in a long range. Therefore, the solitons in bound states keep the distance fixed, and propagate as a unit in the cavity. So far, the difference between the physical mechanisms of HML and BSs has not yet been fully identified.
Passive mode-locked fiber lasers (MLFLs) have attracted a lot of attention in recent years due to their wide range of applications in high-speed optical communications, ultrafast spectroscopy, and other fields [1] [2] [3] . Harmonic mode locking (HML) has been both theoretically and experimentally studied as a common way to generate ultrashort pulses with high repetition rates in MLFLs, using nonlinear polarization rotation (NPR), nonlinear optical amplifier loops, and nanotubes [4, 5] . In these lasers, the HML is obtained by increasing the pump power. However, due to the instability in the environmental conditions, a slight change in the mode locking conditions will result in multi-pulses that are located randomly along the cavity, instead of pulses that are equally spaced, thereby leading to HML. When the separation between the solitons is short enough, new patterns of pulses, such as soliton bunches [6] , soliton crystals [7] , soliton molecules [8] , or bound solitons (BSs) [9] , are formed.
BSs [10, 11] are known as the higher-order soliton solutions of the nonlinear Schrödinger equation and are an intrinsic feature of MLFLs [12] . The BS is composed of multi-fundamental solitons, and its typical feature is that the solitons in bound states propagate with the same velocity. In BSs, the separation between the solitons is fixed as well as discrete [13] . In direct pulse interactions, such as pulse repulsion and attraction, the HML of BSs can be formed [12, 14] . Recently, the HML of BSs based on the formation of a coherent soliton pattern has been observed in MLFLs [7, 15, 16] . However, the pulses of the BSs in these reports appear to be splitting evenly and spacing themselves evenly in a soliton crystal. The length of the pulse train in the HML of a BS is finite and periodic. The pulse duration and size in a soliton crystal are strictly limited by the pump power, which is essentially different from the HML of a single soliton pulse. To date, various dynamic features of the HML of BSs have been reported [17] [18] [19] . The formation of HML and BSs are all based on a multi-pulse operation, but the basic mechanisms of these two states are completely different. In the HML state, the solitons repel each other in a long range, and consequently, equidistantly fill in the whole available space in the cavity. In the BS state, the solitons repel each other in a short range, while attracting each other in a long range. Therefore, the solitons in bound states keep the distance fixed, and propagate as a unit in the cavity. So far, the difference between the physical mechanisms of HML and BSs has not yet been fully identified.
In this Letter, we have systematically studied the HML operation of the bound state of two solitons for the first time. Stable HML of the BSs is obtained, and the HML order and the separation between the BSs related to the pump power and the polarization states have been researched. Our results prove that the BS is an intrinsic feature of MLFLs, and that HML can coexist with BSs. Compared to the HML of a single-pulse operation, the HML of BSs is a new kind of double-pulse laser source with the advantage of a tunable, ultra-short separation between the two pulses. This separation could be useful in the measurement of chemical reactions, and for applications in other fields.
The experimental setup is presented in Fig. 1 . The cavity consists of a 0.9 m erbium-doped fiber (EDF) (CorActive Er80-4-125) with a group velocity delay (GVD) of −26 ps∕km∕nm at 1550 nm (80 dB/m absorption ratio at 1530 nm). It is unidirectionally pumped by a 976 nm laser diode through the wavelength division multiplexer, a mode locker composed of a polarizationdependent isolator between two polarization controllers (PCs), and a 10:90 optical coupler (OC). The 10% port of the OC is used as the output port. All optical devices are connected by a single-mode fiber (SMF). The total length of the SMFs in the cavity is ∼6 m, and its GVD is 17 ps/km/nm at 1550 nm. The cavity length is 6.9 m with a net dispersion of −0.047 ps 2 . The output spectrum is measured with a Yokogawa AQ6370 optical spectrum analyzer, and the pulse train from the fiber laser is monitored with a photodiode (∼20 GHz) and visualized on an oscilloscope (RIGOL DS-5000, 100 MHz). The signal is also sent to an autocorrelator (FR-103XL) with a full scan range of 150 ps.
Mode-locking is initiated by NPR [20] . This fiber laser typically operates on the soliton status with Kelly sidebands because of the large abnormal GVD in the cavity. The mode-locking threshold is 117 mW, with an average output power of 1.1 mW. The repetition rate of the pulses is 29.07 MHz, which corresponds to the cavity length of 6.9 m. The pulse duration is 582.6 fs (899 fs × 0.648 fs), as shown in the inset of Fig. 1 . In view of the 3 dB spectral width of 8.23 nm, the time-bandwidth product is 0.59, which is larger than the transform-limited value of 0.314. It is caused by the pigtail SMF located outside the cavity.
A BS is one kind of multi-pulse operation with a fixed, discrete separation and a stationary phase difference. Therefore, we must get the multi-pulse operation into the cavity first. Under a high pump power or a small saturable gain, the single pulse circulating in the cavity will split into two or more multi-pulses with random phases and positions, excluding under some specific conditions. In our experiment, the multi-pulse operation was achieved by altering the polarization state in the cavity, which in turn changes the saturable gain. After carefully setting the PCs, the BSs were observed, as presented in Fig. 2 . As shown in Fig. 2(a) , the typical spectrum of BSs is strongly modulated. This indicates that the separation between the two pulses of the BSs in a time domain is very small. In addition, the clear dip in the center of the spectrum manifests that the phase difference between BSs is roughly π, as predicted in [13, 21] . The corresponding autocorrelation (AC) trace shown in Fig. 2(d) signifies that it is, without a doubt, a bound state of two solitons. The amplitudes of the secondary peaks in the AC trace are almost half that of the main peak. Thus, it can be deduced that the amplitudes of two solitons in the bound state are the same. The soliton separation from the AC trace is about 1.5 ps. We also calculated the separation from the spectral modulation frequency. The central dip is located at 1556.8 nm, and the modulation period is 5.5 nm long. The calculated pulse separation is estimated to be 1.49 ps, which is very close to the value measured from the AC trace. We must note that the separation is roughly 2.6 times greater than the pulse duration of the fundamental soliton, which causes a strong direct interaction between the solitons. The corresponding pulse train is shown in Fig. 3(a) . The repetition rate of the train is 29.07 MHz, which means the fundamental mode locking of the BSs is obtained in the laser.
In a MLFL based on NPR, HML can be obtained by increasing the nonlinear phase shift, which is related to the cavity length and the intra-cavity power. Thus, by increasing the pump power and altering the polarization states, HML in BSs can exist in some special conditions. In our experiment, first the 0.9 m length of the EDF is optimized to output the lasing power as high as possible. 1.55 μm, when the pump power is at its maximum value of 650 mW. Further shortening or lengthening the EDF will decrease the output power. The change in EDF length is beneficial for obtaining a high power so as to increase the nonlinear phase shift in the cavity. Second, the mode locker based on NPR can be considered as a tunable filter, which can change the gain parameter in the laser by adjusting the PCs. Numerical results have shown that changing the gain parameter in a laser can cause the HML operation [22] . On the basis of these discussions, it is highly likely that HML of BSs can be observed by increasing the pump power and changing the polarization state in the cavity. The pump power was increased to determine whether or not there is HML in the BSs in our fiber laser. When the pump power was increased to 142.3 mW and the PC orientation was carefully adjusted, a remarkable secondorder HML was observed in the BSs. The repetition rate of the pulses is 58.2 MHz, which is twice that of the fundamental mode locking of BSs. When the pump power was continuously increased from 142.3 to 476.1 mW, the second-to seventh-order HML of BSs were observed as well. Fig. 2(d) . We must emphasize here that the phase difference between the BSs is still close to π, and the separation of the BSs is almost a constant value of 1.5 ps (as shown in Fig. 4 as the red line) , no matter what the pump power and the HML order of the BSs are. These are the classic characteristics of BSs that were predicted in [21] . In our setup, no other values of the separation between BSs were observed. Figure 3 , from the top to the bottom, shows (a) the fundamental mode-locking pulses of BSs at 29.07 MHz, (b) third-order HML at 88.2 MHz, (c) fifth-order HML at 145.4 MHz, and (d) seventh-order HML at 203.5 MHz. Similar to the HML of a single soliton emission, adjusting the gain parameter in the cavity by increasing the pump power can increase the HML order. The NPR also acts as a filter so the net gain in the cavity can be altered by rotating the PCs, thus causing a change in the HML orders. In the later portion (Fig. 5 ), we will demonstrate the transformation of a different-order HML of BSs by rotating the PCs under a fixed pump-power as well. Figure 4 (a) shows the relationship between the HML order and the increasing pump power, the separation between the BSs, and the effect of the output power on the pump power. It is seen that with the increase of the pump power, the HML order reveals a stepwise progression, while the output power rises in a linear fashion. The maximum average output power of the laser is 7.4 mW, which corresponds to the seventh-order HML. Once the BSs' pattern was obtained, it would retain its state for at least 2 h.
The pump hysteresis phenomenon of the HML of the BSs is presented in Fig. 4(b) . When the pump power decreased continuously, the transformation of the HML of the BSs from the seventh-to the fourth-order was observed. The PCs were not adjusted. But when the pump power was below 298 mW, the mode locking became unstable and even disappeared, unless the polarization state was adjusted. Sometimes, we could observe unstable and uneven pulse trains like passively rational HML [23] . This phenomenon can be attributed to the less nonlinear phase shift accumulated in the cavity. It is not enough to maintain mode locking unless the pulse energy is increased. However, we can alter the PCs to change the saturable energy of the NPR, which determines the maximum value of the pulse energy [4] . Hence, the third order to the fundamental mode locking of the BSs can be found. This is another feature of the HML of BSs: the higher the pump power, the more stable the HML of BSs. This hysteresis phenomenon of the HML of BSs is similar to the dynamics of the HML of a single-soliton operation [4] .
The HML order under different polarization states is exhibited in Fig. 5 , when the pump power is fixed at 476.1 mW. By slightly altering the PC, the repetition rate can be transformed from seventh-order (203.5 MHz) to ninth-order HML (271.6 MHz). The ninth-order HML is the highest order that was found in our experiment. The phase difference of π and the separation of 1.5 ps between the BSs in these two polarization conditions is almost the same. At different fixed values of the pump power, the HML of BSs with a repetition rate higher than that in the previous cases can be found by finely adjusting the PCs.
Here, we experimentally demonstrate the formation of different orders of HML of BSs. In particular, when we get the BSs operating, the only stable state in the cavity is the HML of the BSs. No bound states of multi-solitons were observed in our experiment, because the ratio of the separation to the pulse duration is smaller compared to those in [8, 13] . This means that when the pulses in the BSs strongly interact with each other, the state of the BSs cannot be destroyed by increasing the pump power. This leads to the formation of the HML of BSs, instead of forming bound states with multi-solitons. At this point, we can infer that BSs are a basic operation in MLFLs, and that the property is exactly the same as that of single-pulse operation, particularly the soliton energy quantization effect [24] . Thus, the HML of BSs can be steadily obtained in MLFLs. It is beneficial for us to obtain a stable mode-locked double-pulse laser source [25] . The separation between the two pulses in the BSs can be adjusted by changing the laser parameters, which is a meaningful feature for some special applications. This makes it useful in measuring various chemical reaction processes with different, ultrafast reaction times. In addition, under the strong direct interaction of BSs, pulses at an ultrahigh repetition rate [18] can be generated in the fiber laser under the appropriate conditions, including high laser power, the proper polarization states, and modulate dispersion in the cavity. Hence, this laser may offer a new method to create a novel type of double-pulse laser sources, and open up a new prospect of time-resolved measurement of ultrafast process.
In conclusion, the HML of BSs is studied in an EDF ring laser in detail for the first time. The BSs can be considered as a unit like the single soliton emission in the MLFL, and the separation between the BSs is fixed (with a discrete value of 1.5 ps in our experiment). Different orders of HML of BSs can be obtained, and the mode-locking state is more stable as the pump power is increased. Our study confirms that the BS is an intrinsic feature of MLFLs, and the HML of BSs can generate stable, high repetition rates of uniform short pulses, which is more attractive for some practical applications.
